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DEDEKIND η-FUNCTION AND QUANTUM GROUPS
XIN FANG
Abstract. We realize some powers of Dedekind η-function as traces on quantum
coordinate algebras.
Introduction
History. The partition function p(n) of a positive integer n and its numerous variants
have a long history in combinatorics and number theory. A basic method to study
these functions defined on the set of integers is considering their generating functions
(for example: ψ(x) =
∑
n≥0 p(n)x
n) to study their analytical properties, the algebraic
equations they satisfy or the (quasi-)symmetries under group actions and so on.
In the case of partition function, the inverse ψ(x)−1 of its generating function admits
the following description
ϕ(x) := ψ(x)−1 =
∏
n≥1
(1− xn).
The function ψ(x) is closed related to modular forms: for instance, η(x) = x
1
24ϕ(x)
is the Dedekind η-function and up to a scalar, ∆(x) = η(x)24 is a modular form of
weight 12 whose Fourier coefficients give the famous Ramanujan’s τ -function.
Powers of ϕ(x) are initially studied by Euler and Jacobi: Euler discovered a relation
between ϕ(x) and the pentagon numbers
ϕ(x) =
∑
n∈Z
(−1)nx
3n2−n
2
and Jacobi deduced the expression of ϕ(x)3 in terms of triangle numbers in the study
of elliptic functions:
ϕ(x)3 =
∞∑
n=0
(−1)n(2n+ 1)x
n(n+1)
2 .
Work of MacDonald and Kostant. These formulae involving powers of the Dedekind
η-function are generalized in the seminal work of I. MacDonald [8] by interpreting
them as special cases of the Weyl denominator formula of some affine root systems:
the Jacobi identity above can be obtained using combinatorial data from the affine
root system of type A1.
To be more precise, for any reduced root system on a finite dimensional real vector
space V with the standard bilinear form (·, ·), we can associate to it a complex Lie
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algebra g. The following identity (formula (0.5) in [8]) is a specialization of the Weyl
denominator formula:
(0.1) η(x)d =
∑
µ∈M
d(µ)x(µ+ρ,µ+ρ)/2g ,
whereM is a certain explicitly described subset of the set of dominant integral weights,
d = dimg, d(µ) is the dimension of the irreducible representation of g of highest weight
µ, g = 1
2
((φ+ ρ, φ+ ρ)− (ρ, ρ)), φ is the highest root of g and ρ is half sum of positive
roots.
B. Kostant [5] gave another description of M by connecting it with the trace of a
Coxeter element c in the Weyl groupW acting on the subspace of weight zero V1(λ)0 in
the irreducible representation V1(λ) associated to a dominant integral weight λ ∈ P+.
If the Lie algebra is simply-laced (i.e., of type A,D,E), Kostant’s formula reads:
(0.2) η(x)d =
∑
λ∈P+
Tr(c, V1(λ)0)dimV1(λ)x
(λ+ρ,λ+ρ).
A similar result valid for a general g can be found in [5], Theorem 1.
A good summary of these works can be found in a Bourbaki seminar talk [4] by M.
Demazure.
Main results. The main goal of this paper is to prove identities in the spirit of
formulae (0.1) and (0.2) in the framework of quantum groups, giving compact forms
of identities cited above.
Let g be a finite dimensional simple Lie algebra and Uq(g) be the associated quan-
tum group over C(q). The Artin braid group Bg associated to the Weyl group W of
g acts on the irreducible representation V (λ) of Uq(g) with highest weight λ ∈ P+.
Let {σ1, · · · , σl} be the set of generators of Bg, Π = σ1 · · ·σl be a Coxeter element
and h be the Coxeter number of the Weyl group. Then Π ⊗ id acts on the quantum
coordinate algebra Cq[G] =
⊕
λ∈P+
V (λ) ⊗ V (λ)∗ componentwise (see the argument
before Theorem 2 for details) and we obtain finally
Theorem. The following identity holds:
Tr(Π⊗ id,Cq[G]) =
(
l∏
i=1
ϕ(q(αi,αi))
)h+1
.
Organization of this paper. In Section 1 and 2 the basic definitions and properties
of Lie algebras and quantum groups are recalled. Section 3 is devoted to computing the
action of a Coxeter element in the Artin braid group on the irreducible representations
of the quantum group Uq(g), which leads to the main theorem in Section 4.
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by Professor Marc Rosso. I am grateful to his guidance and treasurable discussions
on this problem. I would like to thank Jiuzu Hong for pointing out an error in
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1. Quantum groups
We recall the necessary notations and definitions for Lie algebras and corresponding
quantum groups.
(1) g is a finite dimensional simple Lie algebra over C with a fixed Cartan sub-
algebra h. We let l = dimh denote the rank of g and I be the index set
{1, · · · , l}.
(2) Φ : g × g → C is the Killing form. Its restriction to h is non-degenerate and
then induces a bilinear form on h∗ which is also denoted by Φ.
(3) ∆+ ⊂ h
∗ is the set of positive roots of g and {α1, · · · , αl} is the set of simple
roots of g.
(4) C = (cij)l×l, where cij = 2Φ(αi, αj)/Φ(αi, αi), is the Cartan matrix of g.
(5) W is the Weyl group of g generated by simple reflections si : h
∗ → h∗ for i ∈ I
where si(αj) = αj − cijαi.
(6) A Coxeter element is a product of all simple reflections, any two Coxeter
elements are conjugate in W . We let h be the Coxeter number of the Weyl
group W : it is by definition the order of a Coxeter element.
(7) (·, ·) : h∗×h∗ → Q is a unique W -invariant scalar product such that (α, α) = 2
for all short roots α. We denote A = (aij)l×l be the matrix with (αi, αj) = aij :
it is proportional to the Killing form. There exists a constant k ∈ C∗ such that
for any x, y ∈ h∗, kΦ(x, y) = (x, y). We define rg = k/h ∈ Q.
(8) D = diag(d1, · · · , dl) is the diagonal matrix with di = (αi, αi)/2. Then the
matrix A = DC.
(9) Q = Zα1 + · · ·+ Zαl is the root lattice and Q+ = Nα1 + · · ·+ Nαl.
(10) P is the weight lattice and P+ is the set of dominant integral weights.
(11) For λ ∈ P+, V1(λ) is the finite dimensional irreducible representation of g of
highest weight λ.
(12) The coroot α∨ of a root α is denoted by α∨ = 2/(α, α).
(13) ρ is the half sum of all positive roots.. For λ ∈ P+, we denote c(λ) = Φ(λ +
ρ, λ+ ρ)− Φ(ρ, ρ).
We assume that q is a variable and qi = q
di. The q-numbers and q-exponentials are
defined by:
[n]q =
qn − q−n
q − q−1
, [n]q! =
n∏
i=1
[i]q, expq(x) =
∞∑
k=0
1
[k]q!
q
k(k−1)
2 xk.
Definition 1. The quantized enveloping algebra (quantum group) Uq(g) is the asso-
ciative unital C(q)-algebra with generators Ei, Fi, Ki, K
−1
i for i ∈ I and relations: for
i, j ∈ I,
KiKj = KjKi, KiK
−1
i = K
−1
i Ki = 1,
KiEjK
−1
i = q
cij
i Ej , KiFjK
−1
i = q
cij
i Fj , [Ei, Fj] = δij
Ki −K
−1
i
qi − q
−1
i
;
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and for i 6= j ∈ I,
1−cij∑
r=0
[
1− cij
r
]
qi
E
1−cij−r
i EjE
r
i = 0,
1−cij∑
r=0
[
1− cij
r
]
qi
F
1−cij−r
i FjF
r
i = 0.
For λ ∈ P+, we let V (λ) denote the finite dimensional irreducible representation of
Uq(g) of highest weight λ and type 1.
Let U(g) be the enveloping algebra associated to g with generators ei, fi, hi for i ∈ I.
It should be remarked that Uq(g) has a Z[q, q
−1]-form which is called an integral
form (for example, see Chapter 9 in [3] for details). This integral form allows us to
specialize Uq(g) to any non-zero complex number z. We let limq→z Uq(g) denote the
specialized Hopf algebra. It is well known that limq→1 Uq(g) is isomorphic to U(g).
Moreover, finite dimensional representations of Uq(g) can be specialized: when q
tends to 1, the representation V (λ) is specialized to V1(λ).
2. Braid group actions
We briefly recall the braid group actions on the finite dimensional Uq(g)-modules.
For i, j ∈ I, when the product cijcji equals to 0, 1, 2, 3, 4, repectively, we denote
mij = 2, 3, 4, 6,∞.
Definition 2. The Artin braid group Bg associated to the Weyl group W of g is a
group generated by σ1, · · · , σl and relations
σiσj · · ·σiσj = σjσi · · ·σjσi,
where lengths of words in both sides are mij.
For example, if the Lie algebra g is of type Al, then mij = 3 if |i− j| = 1, otherwise
mij = 2. In this case the Artin group Bg is the usual braid group Bl+1.
We let Π = σ1 · · ·σl be a product of generators in Bg and call it a Coxeter element.
For an element w in the Weyl group W with reduced expression w = si1 · · · sit , we let
T (w) = σi1 · · ·σit be the element in Bg. It is well-known that T (w) is independent of
the reduced expression. Let w0 be the longest element in W . We call ∆ = T (w0) the
Garside element in Bg. The following proposition explains some properties concerning
the Coxeter element Π.
Proposition 1 ([2], Lemma 5.8 and Satz 7.1).
(1) Let ∆ be the Garside element in Bg. Then Π
h = ∆2.
(2) If g is not isomorphic to sl2, the centre Z(Bg) of Bg is generated by ∆
2. If
g ∼= sl2, the centre Z(Bg) is generated by σ1 = ∆.
We then recall different actions of Bg on the finite dimensional Uq(g)-modules,
following [3] and [10].
(1) Saito’s action: For i ∈ I, we let Uq(g)i denote the subalgebra of Uq(g) gener-
ated by Ei, Fi and K
±1
i which is isomorphic to Uqi(sl2) and define an endo-
morphism Si ∈ End(V (n)) by
(2.1) Si = expq−1i (q
−1
i EiK
−1
i )expq−1i (−Fi)expq
−1
i
(qiEiKi)q
Hi(Hi+1)/2
i ,
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where q
Hi(Hi+1)/2
i sends v ∈ V (n) to q
m(m+1)/2
i if Ki · v = q
m
i v. This operator
Si ∈ End(V (n)) is well-defined as both Ei and Fi act nilpotently on V (n).
If a basis {v0, · · · , vn} of V (n) is chosen in such a way that
(2.2) Ei · v0 = 0, F
(k)
i · v0 = vk, Ki · v0 = q
n
i v0,
then the action of Si on V (n) is given by [10]:
(2.3) Si · vk = (−1)
n−kq
(n−k)(k+1)
i vn−k.
In the general case, for a finite dimensional Uq(g)-module M , since it is
a direct sum of irreducible Uq(g)i-modules, Si ∈ End(M) is well-defined. As
these Si are invertible, we could consider the group generated by {Si | i ∈ I} in
End(M). It is proved by Saito (loc.cit.) that the assignment σi 7→ Si extends
to a group homomorphism between Bg and the subgroup of Aut(M) generated
by {Si | i ∈ I}.
(2) Lusztig’s automorphism: There is another action of Bg on Uq(g) constructed
by Lusztig. We let Ti := T
′′
i,1 as in [7], Section 37.1.3, which satisfy the relations
in the Artin braid group associated to the Weyl group of g.
Proposition 2 ([10]). Let M be a finite dimensional Uq(g)-module. Then for any
x ∈ Uq(g), Ti(x) = SixS
−1
i ∈ End(M).
3. Action of central element
The main goal of this section is to compute the action of Z(Bg) on V (λ).
3.1. Action on extremal vectors. The Artin braid group Bg acts on V (λ). By
Proposition 1, let θ = ∆2 = Πh be the generator of the centre Z(Bg); we compute the
action of θ on the highest weight vector vλ in this subsection.
Let w0 = si1 · · · siN be a fixed reduced expression of w0.
Lemma 1. The generator θ of Z(Bg) admits the following expression:
θ = σi1 · · ·σiNσiN · · ·σi1 .
Proof. Since w20 = 1, its inverse w
−1
0 = siN · · · si1 . Lifting them to Bg gives ∆ =
σiN · · ·σi1 = σi1 · · ·σiN , hence θ = ∆
2 has the desired form. 
Return to our situation, when acting on V (λ), the central element θ ∈ Z(Bg) has
the following expression
θ = Si1 · · ·SiN−1SiNSiNSiN−1 · · ·Si1 .
Proposition 3. We have θ · vλ = (−1)
(λ,2ρ∨)q(λ,2ρ)vλ.
Proof. Since θ · vλ = Si1 · · ·SiN−1SiNSiNSiN−1 · · ·Si1vλ, we apply repeatly the formula
(2.1) to compute the coefficient before vλ.
Applying Si1 on vλ gives
Si1 · vλ = (−1)
(λ,α∨i1
)q(λ,αi1 )vsi1(λ).
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The action of Si2 on vsi1 (λ) gives
Si2 · vsi1(λ) = (−1)
(si1 (λ),α
∨
i2
)q(si1 (λ),αi2 )vsi2si1(λ) = (−1)
(λ,si1 (α
∨
i2
))q(λ,si1 (αi2 ))vsi2si1 (λ).
Repeat this procedure and notice that by (2.1), for k = 1, · · · , N ,
the action of Sik fixes vsik+1 ···siN siN ···si1(λ),
we obtain that θ · vλ = µvλ where µ = (−1)
µ1qµ2 ,
µ1 =
N∑
r=1
(λ, si1 · · · sir−1(α
∨
ir)) and µ2 =
N∑
r=1
(λ, si1 · · · sir−1(αir)).
When r runs from 1 to N , si1 · · · sir−1(αir) runs through the positive roots, from which
the proposition holds. 
As a central element, θ acts by the same constant on each Bg-orbit in V (λ).
3.2. Central automorphism action. Let U≥0q (g), (resp. U
≤0
q (g);U
<0
q (g)) denote
the sub-algebra of Uq(g) generated by Ei, K
±1
i (resp. Fi, K
±1
i ; Fi). We compute the
action of T 2w0 on PBW root vectors of U
≤0
q (g) in this subsection. It is known that Tw0
permutes U≥0q (g) and U
≤0
q (g), so T
2
w0 is an automorphism of U
≤0
q (g) and of U
≥0
q (g).
For i ∈ I, we let i′ denote the index satisfying w0(αi) = αi′ .
Lemma 2. For i ∈ I, the following identities hold:
T 2w0(Ei) = q
(αi,αi)K−2i Ei, T
2
w0
(Fi) = q
(αi,αi)K2i Fi, T
2
w0
(Ki) = Ki.
Proof. A similar computation as in [6], Section 5.7 gives
Tw0(Ei) = −Fi′Ki′ , Tw0(Fi) = −K
−1
i′ Ei′ , Tw0(Ki) = K
−1
i′ .
Then the lemma is clear as w0(αi′) = αi. 
For k = 1, · · · , N , we denote βk := si1 · · · sik−1(αik), then ∆+ = {β1, · · · , βN}.
We turn to consider the action of T 2w0 on a root vector Fβk = Ti1 · · ·Tik−1(Fik). As
T 2w0 ∈ Z(Bg) (here Bg is the Artin braid group generated by {Ti | i ∈ I}),
T 2w0Ti1 · · ·Tik−1(Fik) = Ti1 · · ·Tik−1T
2
w0
(Fik)
= Ti1 · · ·Tik−1
(
q(αik ,αik )K2ikFik
)
= q(βk,βk)K2βkFβk ,
where q(αik ,αik ) = q(βk,βk) since the bilinear form is W -invariant.
In general, we have
T 2w0(Fβj1 · · ·Fβjt ) = q
∑t
k=1(βjk ,βjk )K2βj1Fβj1 · · ·K
2
βjt
Fβjt
= q
∑t
k=1(βjk ,βjk )+
∑
i<k 2(βji ,βjk )K2βj1 · · ·K
2
βjt
Fβj1 · · ·Fβjt
= q(β,β)K2βFβj1 · · ·Fβjt ,
where β = βj1 + · · ·+ βjt . These computations give the following
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Proposition 4. Let xβ ∈ U
<0
q (g)−β. Then
T 2w0(xβ) = q
(β,β)K2βxβ .
3.3. Central element acting on Weyl group orbits.
Proposition 5. For any non-zero vector v ∈ V (λ)0,
θ · v = (−1)(λ,2ρ
∨)q(λ,λ+2ρ)v.
Proof. It should be remarked that if λ is not in the root lattice Q, there will be no
non-zero vector of weight 0. So if v ∈ V (λ)0 is a non-zero vector, λ ∈ Q+ and there
exists x ∈ U<0q (g)−λ such that v = x · vλ.
By Proposition 2, 3 and 4, we have the following computation:
θ · v = Si1 · · ·SiNSiN · · ·Si1x · vλ
= Ti1 · · ·TiNTiN · · ·Ti1(x)θ · vλ
= T 2w0(x)θ · vλ
= q(λ,λ)K2λxθ · vλ
= (−1)(λ,2ρ
∨)q(λ,λ+2ρ)v.

Moreover, this method can be applied to compute the action of the central element
on each Bg-orbit. For example, if g = sl3 and λ = α1 + α2, then V (λ) is the adjoint
representation of dimension 8. The central element θ acts as q4 on the 1-dimensonal
weight spaces and q6 on the zero-weight space.
3.4. Trace of Coxeter element. We compute the trace of the Coxeter element
acting on V (λ).
Let wt(V (λ)) denote the set of weights appearing in V (λ). As
Si(V (λ)µ) ⊂ V (λ)µ−(µ,α∨i )αi ,
the action of the Artin braid group Bg on wt(V (λ)) coincides with that of the Weyl
group W . The action of Π is the same as the Coxeter element c = s1 · · · sl ∈ W which
has no fixed point on wt(V (λ))\{0}.
A standard proof of the statement above can be found in [1], Chapitre V, no 6.2.
As an immediate consequence of this observation, we have
Tr(Π, V (λ)) = Tr(Π, V (λ)0).
Moreover, generators of Bg preserve the zero-weight space V (λ)0, so we can also look
Bg as a subgroup of Aut(V (λ)0).
Notice that θ = Πh, so by Proposition 5, Πh acts as the scalar (−1)(λ,2ρ
∨)q(λ,λ+2ρ)
on V (λ)0. If we let Λ denote the set of roots of the equation x
h = (−1)(λ,2ρ
∨) in C,
then the eigenvalues of Π belong to the set
{y.q
(λ,λ+2ρ)
h | y ∈ Λ}
and the trace Tr(Π, V (λ)0) is given by δq
(λ,λ+2ρ)
h for some δ ∈ C. As a summary, we
have proved that
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Proposition 6. There exists a constant δ ∈ C which independent with q such that
Tr(Π, V (λ)) = δq
(λ,λ+2ρ)
h .
Remark 1. To make the notation q1/h valid, we should enlarge the base field to
C(q1/h). Since it is nothing but a notational change, we ignore it in the following
argument.
4. Main theorem
Let W˜ be the Tits extension of the Weyl group W obtained by taking ti = 1 in the
formula (2.13) of [9]. In the classical limit q → 1, the action of Bg on V (λ) specializes
to an action of W˜ on V1(λ) by sending Si in (2.1) to s˜i = exp(ei) exp(−fi) exp(ei).
Let V1(λ)0 be the subspace of V1(λ) of weight 0. The Weyl group W˜ acts on V1(λ)
and therefore on V1(λ)0. Let c = s˜1 · · · s˜l be a Coxeter element in W˜ .
Theorem 1 ([5], Theorem 4.1). The following identity holds:(
l∏
i=1
ϕ(xhΦ(αi,αi))
)h+1
=
∑
λ∈P+
Tr(c, V1(λ)0) dimV1(λ)x
c(λ).
In particular, if g is simply laced (i.e. of type A,D,E), the identity above has the form
ϕ(x)dim g =
∑
λ∈P+
Tr(c, V1(λ)0) dimV1(λ)x
c(λ).
Moreover, Tr(c, V1(λ)0) ∈ {−1, 0, 1}.
We denote ε(λ) := Tr(c, V1(λ)0).
We will give a compact form of the identity in Theorem 1 using quantum groups.
Let
Cq[G] =
⊕
λ∈P+
End(V (λ)) =
⊕
λ∈P+
V (λ)⊗ V (λ)∗
be the quantum coordinate algebra which can be viewed as a deformation of the
algebra of regular functions of a semi-simple algebraic group G.
It is clear that there is a canonical embedding⊕
λ∈P+
End(V (λ))⊗ End(V (λ)∗)→ End(Cq[G]).
The following is the main theorem of the paper.
Theorem 2. Let Π be a Coxeter element in the Artin braid group Bg and V (λ)0 be
the zero-weight space in V (λ) for λ ∈ P+.
(1) We have
Tr(Π, V (λ)) = Tr(Π, V (λ)0) = ε(λ)q
rgc(λ).
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(2) The following identity holds
Tr(Π⊗ id,Cq[G]) =
(
l∏
i=1
ϕ(q(αi,αi))
)h+1
,
where we look Π⊗ id as in End(Cq[G]) through the embedding above.
(3) In particular, if g is simply laced, i.e., of type A,D,E, then
Tr(Π⊗ id,Cq[G]) = ϕ(q
2)dim g.
Proof. (1) By Proposition 6, there exists a constant δ ∈ C such that
Tr(Π, V (λ)) = δq
(λ,λ+2ρ)
h = δqrgc(λ).
To determine it, we consider the specialization of Π and V (λ). When q is
specialized to 1, the left hand side has limit Tr(c, V1(λ)). On the other hand,
as δ ∈ C, the right hand side has limit δ, from which δ = ε(λ).
(2) This point holds by the following computation using (1) and Theorem 1:
Tr(Π⊗ id,Cq[G]) =
∑
λ∈P+
Tr (Π⊗ id, V (λ)⊗ V (λ)∗)
=
∑
λ∈P+
dimC(q)V (λ) Tr(Π, V (λ))
=
∑
λ∈P+
ε(λ)dimC(q)V (λ)q
rgc(λ)
=
(
l∏
i=1
ϕ(qrghΦ(αi,αi))
)h+1
=
(
l∏
i=1
ϕ(q(αi,αi))
)h+1
.
(3) Notice that in the simply laced case, (αi, αi) = 2 and l(h+ 1) = dimg.

We finally examine the theorem when g = sl2. In this case, there is only one
generator S ∈ Bg so the Coxeter element is S. We will use the basis of V (n) in (2.2).
(1) If n is odd, there is no zero-weight space in V (n), in this case, Tr(S, V (n)) = 0.
(2) If n is even, the zero-weight space in V (n) is of dimension 1 which is generated
by vm, where n = 2m. The action of S on vm is given by
S · vm = (−1)
mq(n−m)(m+1)vm = (−1)
mqm(m+1)vm.
As a conclusion,
Tr(S ⊗ id,Cq[G]) =
∞∑
m=0
(−1)m(2m+ 1)qm(m+1),
which coincides with ϕ(q2)3, verifying the Jacobi’s identity.
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